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Abstract 

We develop a calculus for functionals of integer-valued measures, which extends the Functional 
Ito calculus to functionals of Poisson random measures in a pathwise sense. We show that smooth 
functionals in the sense of this pathwise calculus are dense in the space of square-integrable (compen¬ 
sated) integrals with respect to a large class of integer-valued random measures. As a consequence, 
we obtain an explicit martingale representation formula for all square-integrable martingales with re¬ 
spect to the filtration generated by such integer-valued random measures. Our representation formula 
extends beyond the Poisson framework and allows for random and time-dependent compensators. 

Keywords: Martingale representation formula, Functional Ito calculus, Integer-valued measures, 
Jump processes, Square-integrable martingales 


1 Introduction 

Consider a filtered probability space (P, J 7 , (J5),P) with (PFt)t >o generated by a continuous martingale X 
and a jump measure J with compensator y. We say that (Xt)t >o has the the martingale representation 
property if for any square integrable martingale Y, there exist <j> and ip predictable such that: 

Y{t) = Y(0)+ f <j>(s)dX(s)+ [ ( ip(s,y)(J - n)(dsdy). (1) 

Jo Jo J]R d \{0} 

Moreover, cf> and ip are essentially unique. It is well known that such a result holds if the filtration 
is generated by a Brownian motion and a Poisson measure for example, but it also holds for general 
diffusions and a much larger class of jump measures. See e.g. Cohen [6] for sufficient conditions. 

The martingale representation theorem, however, is an existence result and does not provide an explicit 
representation for the integrands <p and ip. 

In the case of continuous martingales, i.e. ip = 0, the Malliavin calculus provides a characterisation 
of (p: 

<t>(s) = E[D s Y(t)\?,\, (2) 

where D represents the Malliavin derivative. This result is the well-known Clark-Ocone formula. See e.g. 
Nualart for background in the continuous case [23] ■ 

In the presence of jumps, the problem of finding an explicit representation appears in many applica¬ 
tions such as hedging, control of jump processes, or BSDEs with jumps, and has been approached through 
various methods in the literature. 

For the jump part, ip takes the form 

i/>(s,y)=*E[D Siy Y(t)\F a ], (3) 

where P E[-\F S ] is the predictable projection with respect to T s , and D is an appropriate Malliavin-type 
operator, for which many constructions have been proposed. Bismut j3j constructs D as a perturbation 
of the probability measure, which is essentially the same as perturbing the intensity of an infinity of 
jumps. Lpkka m makes use of chaos expansion and shows that this approach is equivalent to a Picard 
“addition of mass” operator. Jacod-Meleard and Protter [14] use Markov semigroup theory. Leon et al 
[20: introduce a quotient operator. All these operators are different, but their predictable projections all 
coincide. Also, note that in all of these approaches, the jump component is either Poisson or Levy. 
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Functional Ito calculus, introduced by Dupire Q2] and inspired by Fdllmer’s pathwise stochastic 
integration |T3], has been used in the continuous case by Cont and Fournie [7] to provide a direct pathwise 
expression for the integrand, rather than constructing an operator and taking predictable projections. 

Here, we extend this approach to include a jump component. In order to do so, we introduce a 
pathwise calculus on the space of er-finite integer-valued measures, and then use it to provide an explicit 
version of the martingale representation formula for functionals of integer-valued measures, in passing 
extending the functional Ito calculus framework to integer-valued measures. 

Section [2] defines the framework by introducing the spaces of measures of interest, and defining the 
functionals on such measures. 

We use this framework in section [3] to obtain a martingale representation formula for pure-jump 
martingales. Notice that we do not require the jump measure generating the filtration to be Poisson or 
Levy. All that is required is the absolute continuity of its compensator with respect to time. 

The more general form of the theorem, where a diffusion part is allowed, is given in Section 0] Section 
[5] provides a short note on the influence of changes of measures on the pathwise operator, and [S] provides 
some examples of application. 

Section [7] provides a proof of the density of simple processes in Cp(p), where p is only assumed to be 
absolutely continuous with respect to time. 


2 Functionals of integer-valued measures 

In the present section, we introduce the definitions relative to functional Ito calculus on integer-valued 
measures. 

2.1 Definitions on measures 

In the rest of the paper, we shall use B(A) to denote the Borel cr-algebra on the set A. Also Rq denotes 
the space R d without the origin. 

Definition 2.1. (Space of er-finite integer-valued measures) Denote by A1([0, T] xKq) the space of er-finite 
simple integer-valued measures on [0, T] x Rq. For a measure j : 6([0, T] x Rq) ->NU {+oo}, 

OO 

E ^(t<, *»)(•) and is finite on compacts, 

i=0 

with (tj)j £ N G [0,T] n not necessarily distinct nor ordered, and (zi)igN £ (Rq) n . For convenience, we 
denote M([0, T] x Rq) by Mt throughout this article. We equip this space with a cr-algebra T such that 
the mapping j M- j(A) is measurable for all AB([0,T] x Rq), the Borel cr-algebra on [0 ,T\ x Rq. 

Definition 2.2. (Stopped measure) For any (f,j) G [0,T] x AI([0,T] x Rq), we define the stopped 
measure 

M-) : =i(-n([o,t] xRg)). 

Similarly, we write 

*_(.):= j(.n([0,i)xRg)) 

Definition 2.3. (Space D of processes and canonical process) We identify the space of processes 


:= Mt 


equipped with the a- algebra T as in Definition 12. 11 and we define a measure-valued process Y on (D, F) 
with values in (Mt,F) as a family (Y(t)) t > o of mappings 

Y : [0, T\ xSl-> M T - 

We define the canonical measure-valued process J as follows: for any u> := j G D, 

:= w t (-) 


i.e. the measure j stopped at time t. 

Definition 2.4. (Filtration generated by J ) We define the filtration generated by the canonical process 
J ■ t,j,- ^ jt(-): F := (Ji) *e[o,T] on Mt as the increasing sequence of cr-algebras 

Ft = cr(J s (-),s G [0,i]). 
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Now, we define non-anticipative functionals on the space: 

Definition 2.5. (Non-anticipative functional process) A non-anticipative functional A is a map 

F : [0, T] x A4t —^ R 

such that 

F(t,j) = F(t,j t ), 

such that F is measurable with respect to the product cr-algebra S([0,T]) x T. and such that for all 
t £ [0,T], F(t,-) is J^-measurable. We denote O the space of such functionals. 

Definition 2.6. (Predictable functional process) A predictable functional A is a non-anticipative func¬ 
tional such that 

F(t,j) = F(t, j t ) = F(t,j t ~), 

and so F(t, •) is .^--measurable. We write V the space of predictable functional processes, and we have 
VCO. 

Definition 2.7. Functional fields) A non-anticipative functional field ’P is a map 

'P : [0, T] x Rj) x Mt —> R 

such that ^(t, z.j) = T(t, z,j t ), such that 'F is measurable with respect to the product cr-algebra B([0, T ] x 
Rq) x Fmi and for all (t,z) £ [0,T] x Rfj, \P(t, •) is Ji-nreasurable. We denote Of the space of such 
functionals. 

Similarly, we call predictable functional field any T £ Of such that 

®(t,z,j) = ’PC t,z,j t -), 

and we denote by Vf the space of such predictable functional fields. 

Example 1. Any integral functional 

F (t,j) = [ [ f(s, z)j(dsdz), 

Jo J Rg 

with / : [0, T] x Rq —> 1 having compact support in [0,T] x Rq is well-defined and non-anticipative. 
Definition 2.8. The operator Vy 2 is defined on non-anticipative functional processes as 

S7j, z F(t,j t ) = F(t,j t - +$((,*)) — Fit, j t ~). (4) 

We also define the operator V p as follows: 

Definition 2.9. The operator V p that maps functional processes to predictable functional fields is defined 
as 

V p : O —> Vf, 

F i->- V P F 

where 

(V p F)(t,z,j) = V j>z F(t,j) = F(t, j t - +6( M )) -F(t,j t -)- 


2.2 Compensated integral functionals and simple predictable functionals 

Definition 2.10. (cr-finite predictable measure) We call cr-finite predictable measure any cr-finite measure 

p : S([0,T] x Rq) x Mt -t R + 

which satisfies for A £ B([0,t] x Rq): 

MA j) = n{A,jt_). 

Definition 2.11. (Stopping time) A stopping time r is a non-anticipative mapping 

t:Mt —> [0, T] 


such that for any t £ [0, T] 




Moreover, r is a predictable stopping-time if 
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Example 2. for all e > 0, Z £ £>(Rg), 0 Z (the closure of Z ), and a cr-finite predictable measure [i, 

r e (j,Z) = inf{t € [0, T]|/x([0, t] x Z,j) > e} 

is a stopping time. If /r is absolutely continuous with respect to time, r is also predictable. 

For convenience, write 


C^j)=j({ S }x{-<\z\<a}). (5) 

a 

for a > 1. 

As a typical integrand for functional integrals, we introduce the following space of simple predictable 
functionals: 

Definition 2.12. (Set S of simple predictable functionals) The functional ip : [0,T] xljjx Mt —t R 
belongs to S , the space of simple predictable functionals, if 

• for any (t , z) £ [0, T] x Rq, ip{t, z, •) is Jt-nreasurable. 

• there exists I grids 0 <t\ <t\<---<t l n =T such that 

I,K 

i=0 
k=l 

with Ak £ £>([0,T] x R d ), 0 ^ the n are predictable stopping times (allowed to depend on the 
Zk) and 

V* ik(jti ) = fi , ifc((Cj! m 0'))(€l..p,mel..fc)) 

where gifc : R p x R fe —> R, 0 < < • • • < V p < Ti and 1 < ei < • • • < is Borel-measurable. 

Proposition 2.13. For ip £ Of c , the subset of elements of Of with compact support in [0, T] x Rq, the 
compensated integral functional 

F(t,jt)= / ip{s,y,j a -)(J - n){ds dy) 

JO dRg 

has finite value and 

v j,zF(t,j t ) = ip{t,z,j t _), (6) 

hence 

(V p F){t,z,j t ) =ip(t,z,j t ~), 

defines a predictable functional field. In particular, if ip £ Vf Cl the set of predictable fields with compact 
support, then V p is the inverse of the Lebesgue-Stieltjes integral operator defined as: 



Pfc -t I(Vfc) c O, 


ip i-> 


S,Z,j s - 


Jo JRg 

with IiVfc) the image of Vf c through f Lg . 


)(j - n)(ds dy), 


Proof. Let us first check that F has finite value: notice that ip has compact support in Rq, 0 ^ supp( , 0) 
and so j can only have a finite number of jumps on the support of ip. Moroever, since p is absolutely 
continuous, the integral of ip with respect to j — y is finite. Using the pathwise predictability of ip(s, y,j s -) 
and n, we have 

Fit, j t - +<5(t, z )) = F(t,j t -) + ip(t,z,j t (7) 

So for all t and z, 

V j, z F(t,j t ) = ip{t,z,j t -). 

In particular, if t, z,j i —> ip{t, z,jt) is predictable, then ip[t, z,jt~ ) = ip(t, z,jt) and V is indeed the inverse 

°f f LS °n I(F c/)- ' ' □ 

So V p is an operator that maps a non-anticipative functional to a predictable functional, and if F is 
the functional in Proposition 12.131 then V p F recovers the integrand. 
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3 Martingale representation formula: purely discontinuous case 

In this section, we will focus on the vertical perturbation operator V which we lift from the functional 
framework to the space of processes in order to obtain a martingale representation formula. Consider 
the filtered probability space (fl, F, F°, IP), where (Cl, J 7 ) is the measurable space of cr-finite integer-valued 
measures as defined in the previous section, J is the canonical process on (Cl, J 7 ) and 

1. P is a probability measure on the space (Cl, F) such that the sum of the squared amplitudes of J is 
finite a.s. : f^f R d \z\ 2 J(dsdz) < oo a.s. 

2. F := (J?) te[o,T] is the filtraton defined by the canonical process J, completed by the P-null sets. 

Remark 3.1. J now defines a random cr-finite integer-valued measure. We denote by y. its compensator. 
We denote by T k and Z k the jump times and jump amplitudes of the atoms of J respectively. So 

OO 

J = y 

i=l 


So one has that 

F? = cr{(Tk, Z k ),T k < t}, 

completed with the P-null sets. 

Assumption 1. We assume absolute continuity with respect to time of the compensator y: 

y(ds dy , to) « ds. 

Remark 3.2. Recall that the compensator is a predictable measure by definition. 

In the following, we denote by J the compensated random measure J — /i. 

We introduce the following two spaces: 


Cp(fi) := <ip: [0,T] x Rq x Cl — > !r predictable 


E[f f ip(s,y) 2 y(ds dy)} < oo 1 , (8) 

Jo I 


equipped with the norm 


and 


%(„)'■= E i[ [ ^(t,z) 2 n(dtdz)\, 
P Jo 


Ml(n) := jy : [0 ,T]xCl 
equipped with the norm 


Y(t)= / ip(s,y)J(ds dy),ip £ Cl(n) > , 

Jo JR-i I 


(9) 


\\Y\\m>M :=E(\Y(T)\ 2 ]. 

In this setting, the compensated integral operator has the precise following definition: 

in : £p(m) ~^ •WpMi 

/ / ip(s,y)J(ds dy). 


)0 JRg 

Definition 3.3. We denote by 1(0f c ) the subspace of M R (y) such that its elements can be represented 
as 

Y(i) = F(t,J t ), 

with F a non-anticipative functional of the form 

F (t,j)= / ip(s,y,j s -)(j(ds dy) - fj,(dsdy,j s -)), tpeO fc . 

Jo 

Similarly, we write I(S) for the subset of 1(0 / c ) where ip C S. 
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Remark 3.4. Recall that for <f> G I(Of c ), by Proposition 12.131 we can rewrite V p more specifically: 

V p : I(Of c ) — > £p(/x), 

F(t,J t )=[ [ ip(s,y,Jt-)j(dsdy)^V p F(t,Jt-) = ip(t,z,J t -). 

Jo J Rj( 

So far, Vp is defined on the space of processes that are integrals of fields in Of c . However, the following 
lemma allows us to close V p to the whole space. 

Lemma 3.5. The set of cylindrical random variables 

/((^t/)*ei..n,jei..p) (10) 

with / : E" — >• E bounded, and the C as in equation ©, is dense in P) (the space of random 

variables with finite second moment). 

Proof. Let (tj)ie n be a dense subset of [0, T], and ( kj)j a dense subset of [l,oo). Denote 

jrn.m = a ^ Tkl Z k )\T k <t n ,-^<Z k < k m ), 

k"m 

k ■ 

i.e. the (completed) filtration generated by the (C t f ( Jt))iei..n,kei..m- One has 

jrn,m jrn,m -\-1 

n n 

jrn-\-l,m ^rn+l,m+l 


Moreover, J-ff is the smallest u-algebra containing all the ,F"’ m 
For g G L 2 (.F t 0 , P), 


g = E\g\J*\. 


( 11 ) 


The martingale convergence theorem yields 

9 = lim lim E[g\T n ' m ], (12) 

m—too n—±oo 

Moreover, for each n and m, there exists a J r -measurable random variable h nm (i.e. a random variable 
measurable with respect to the non-completed filtration) such that, P-.a.s., 

E[g\J rn,m ] = h nm . 


(see e.g. Lemma 1.2. in Crauel (5J-) 

Finally, the Doob-Dynkin lemma ([T5], p. 7) yields that for each couple (n,m), there exists a Borel- 
measurable g nm : E" x R m —> E with 

F[g\E n ' m ] = g n ,m{{C k t f (j)) ie i.. n , j ei..m), P - a.a. (13) 

□ 


Lemma 3.6. The space I(S) is dense in Aip(/i). 

Proof. The set of simple random fields of the form 

I,K 

^fc(w)l (tiA+l] (t)lzJ^), 

i,k =1 

with Z k Borel-sets of finite measure, the U ^-measurable stopping-times and the ^/-(w) J-)° -measurable, 
is dense in Cp(g) (see Subsection 0). 

Moreover, from lemma 15751 the %l>i k can be approximated by some sequence of functionals 
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So 


E 


I,K 


I / - 1pij(u)l( Utti+ 1 ](t)tA k (z)) 

^ R 0 i,k =1 
I,K 

= Y1 E “ /ifc( w )) 2 ] M[£;£+i] x Zfc,u;), 


y{dsdz, uj) 


(14) 


(15) 


i,k =1 


<oo 


using the disjointness of the time and space intervals. Since the term in the expectation is bounded, it 
tends to zero by the dominated convergence theorem. 

Moreover, by Lemma 1.2. in Crauel [9], there exists and i..„, that are measurable with 

respect to the non-completed filtration and such that, IP — a.s 


d = d ,U = , 


and so 


I,K 


I,K 




i.k— 1 


i.k— 1 


So 5 is dense in £p(/z). Since the stochastic integral operator defines a bijective isometry (hence a 
continuous bijection) between Alp(/x) and £p(//), 7(5) is dense in A4p(/r). □ 

Lemma 3.7. The operator V p : 7(5) —> £p(/x) is closable in A4p(/r), and its closure is the adjoint of 
the stochastic integral, in the sense of the following integration by parts: 




= E 


Y{T) / i>{s,y)Jt(ds dy) 
Jo J R d \{0} 


Vf,Y(s,y)ip(s,y)n(ds dy) 


/ o JR d \{0} 

=:< V M Y,V> >£ 2 (/i) . 

Proof. By definition, for any F £ Alp (/it), there exists if £ £p(/z) such that 


no = 


/O Jr$ 


if(t, z)J(dt dz). 


For any Z G 7(5), we have 

E [Y(T)Z(T)\ = E 


/ 0 JR d \{0} 


ip(t,y)J(dt dy) 


10 JR d \{0} 


V p Z(t,y)J(dt dy) 


(16) 


ip(s,y)V p Z(s,y)diJ,{ds dy) 


(17) 


Then, by the Ito isometry on Alp(/z), 

£l[y(T)Z(T)] = £■ 

/o JR d \{0} 

(ED uniquely characterises if dy, x dP-a.e. For if 77 is any either solution, and for all Z £ 7(5): 

< y - >M*M= E K Y - Uv))Z(t)\ = 0 (18) 

Hence, Y — Ip(r]) = 0 P-a.s. on Mp(y,) by density of Z £ 7(5) in Alp (y.) and so V M F — rj in £p(//). So 
if is essentially unique. 

Now, let y £ Alp(/i), and (y n ) ng pj a sequence of 7(5) converging to Y in Alp(/x). Then 

0= lim £[|y n (T) -y(T)| 2 ], 

n—t 00 


= lim £[| 


/O JRg 


V p y n (t, 2 ) — ?/>(£, 2 ) J(dsdz)| 2 ], 


= lim E[ [ [ \S7 p Y n (t, z) — if(t, z)\ 2 y(dsdz)], 
n ^°° Jo J Rg 


by the Ito isometry. So for any sequence Y n of 7(5) converging to Y, the limit of S7 p Y n is the same and 
equal to if dy. x dP-a.e. So V M is closable in Alp(/z), and we can identify if as VpY. □ 
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This gives the following representation formula: 

Theorem 3.8 (Martingale representation formula). If ,/ — /i has the martingale representation property, 
then any adapted square-integrable martingale has the representation 

Y(t) = Y(0)+ f f (X p Y)(s,z)(J — fi)(dsdz), (19) 

JO J R d 

where X p is the closure in £p(/z) of the pathwise operator introduced in Definition 12.131 for functionals 
with a regular functional representation. 


3.1 Change of probability measure and extension to semimartingales 

Consider two equivalent probability measures P and Q on (17, J 7 , F), and take Y a square-integrable 
P-martingale. Then, from above, Y can be written 

Y(t) = Y(0)+ f f V A iT(s, z)(J — n). (20) 

Jo JRg 

Now, since P and Q are equivalent, Y is also a Q-semimartingale and has the following decomposition: 


Y(t) = X(t) + M(t), 


( 21 ) 


with X(t) a predictable finite variation process, and M a square-integrable Q-martingale starting at zero. 
By the martingale representation formula, 

M(t) = f f V„M(s,z)(J-i/),Q-a.s. 

Jo J Rg 

Theorem 3.9. Take two equivalent probability measures P and Q. For Y a P-square-integrable mar¬ 
tingale with decomposition Y = X + M with X a finite variation process and M a Q-square-integrable 
martingale, the following hold: 

1. X p Y = X V M in £p(/z) and £q (v). 

2. X p X = X V X = X p X = 0. 

3. For a sequence (Y n ) ne ® in I p (S) with Y n —> Y in P), X p Y n converges in jCq(v) to a random 
field V V Y verifying V V Y = X V M dQxdi' a.e. 

Proof. 1. Subtracting (EH from (Ell) gives 


X (t)+ f [ X v M{s,z){J-v)(ds dz)-Y{ 0) - / [ X p Y{s,z){J - ^){ds dz) = 0. (22) 

Jo Jr$ Jo J Rg 

Rewriting: 

X(t) — Y(0)—f f X v M(s,z)(/j, — v)(dsdz)—f f X p Y(s,z) — X u M(s,z)(J — /j,)(dsdz) = 0, 

Jo J Rg Jo J Rj) 

so the finite-variation part and the stochastic integral part must both vanish. In particular, 


and 


V pY = V„M, dPxrf/i- a.e. 


X(t)=Y(0)+ f [ X v M{v — n)(ds dz). 

Jo Jmi 


Reworking equation [22] into 


X(t) — f f X p Y(s, z)(n — v)(ds dz) + f W^fX v M(s 7 z)— X p Y(s,z)(J — v){ds dz) = Q, 
Jo J r* Jo 


we also have that 


V p Y = X„M, dQ x dv — a.e. 


(and so dP x dv- a.e. since the probability measures are equivalent). 
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2. Since X is predictable, V p X = V^X = V p X = 0. 

3. We know that there exists a sequence of processes Y n G J M (<S) converging to Y in Mp(n), with 

v M x n = X7 p Y n . 

Let us define 

M n (t) =X-Y n . 

Since Y n — > Y in the A4jp(/x)-norm, M n — > M in the Adp(i/)-norm. Also, 

V p M n (t ) = V P X - V p Y n . (23) 

Now, V p M" —»• V„M dQ x di/ a.e. So the right-hand side hand side of equation converges, 
and since V p X = 0 by (ii): 

V„M = V„(X - y) = lim VpX - VpX" = lim VpX” = V*,X, 

n—>■ oo n—>oo 

with Vj/X the limit of V p Y n in £q(v). This gives 

V„M = V^XdQ x dva.e. 


But since X U M = V M X dQ x dzc a.e., 

VpX = Vj/XdQ x dva.e. 

The equality in £p(n) is obtained by interchanging X and M above and taking the limits in Cp(/i) 
instead. 

□ 

The above theorem states that closure of the finite difference operator actually does not depend on 
what probability measure we consider (as long as they are equivalent). This behaviour is in some sense 
orthogonal to the Bismut-Malliavin calculus, where the perturbation operator precisely consists in an 
equivalent change of probability measure. 

Another consequence is that one can extend the V p operator to any square-integrable semimartingale 
5, as long as there exists an equivalent martingale measure under which S would be a square-integrable 
martingale. In that case, for any square-integrable semimartingale S with predictable finite variation 
part S FV and square-integrable martingale part S m , V M S is defined as 

y7 — VpS™ 


4 Martingale Representation Formula: general case 

In this section, we write T>t '■= D([0,T],R d ) for the space of cadlag functions from [0,T] to R d . 
Definition 4.1 (Stopped trajectory). For x G T>t, we write 


x t (u) 


x{u) if u <t, 
x(t) if u > t. 


Note that Xt is an element of T>t- 

We redefine the notions of non-anticipative functionals in a way that accomodates for the new variable 

x. 

Definition 4.2. (Space of processes and canonical process) We identify the space of processes 


:= 'I) r r x Xij 1 


equipped with the cr-algebra T p defined as the product Borel er-algebra on the product space. 

Remark 4.3. If T>t is equipped with the Skorohod topology and Mt with the topology of weak con¬ 
vergence, both are separable, and there is no difference between the product Borel cr-algebra and the 
product of the Borel a -algebras defined respectively on T>t and Mt- 
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We define a process Y on (fl p , F p ) with values in T>t x Mt as a family (Y(f)) t > 0 of mappings 

Y : [0, T] x!i f -)D T x M T . 

We define the canonical process (X, J ) as follows: for any w := (x,j) G f2 p , 

(X, J)(u},t) :=u t = 

i.e. the couple consisting in the trajectory and the measure j both stopped at time t. 

Definition 4.4. (Filtration generated by ( X , J)) For a given (jt)te[o,T] ■, we define the filtration generated 
by the canonical process (A, J): F p := on (f l p ,F p ) as the increasing sequence of er-algebras 

X? = a(X s (.),J s (.),se[0,t}). 

Now, we define non-anticipative functionals: 

Definition 4.5. (Non-anticipative functional process) A non-anticipative functional A is a map 

F:[ 0 ,T]xff->l 

such that 

F{t,x,j ) = F(t, x t ,jt), 

such that F is measurable with respect to the product cr-algebra £>([0,T]) x F v . and such that for all 
t G [0,T], F(t, •) is J^-measurable. We denote O p the space of such functionals. 

Definition 4.6. (Predictable functional process) A predictable functional F is a non-anticipative func¬ 
tional such that 

F(t, x, j) = F(t, x t ,jt) = F(t,x t -,jt-), 

and so F(t, •) is - me as ur able. We write V p the space of predictable functional processes, and we have 

V p C O p . 

Definition 4.7. functional fields) A non-anticipative functional field T is a map 

: [0, T] x x fi p -¥ K 

such that \f(t, z, x, j) = ^(t, z,x t ,jt), such that Y is measurable with respect to the product u-algebra 
B([0,T] x Kg) x F p , and for all (t,z) G [0,T] x Kg, His F p -measurable. We denote O p the space 
of such functionals. 

Similarly, we call predictable functional field any G O p ^ such that 

= 'ff(t,z,x t -,jt-), 

and we denote by V p the space of such predictable functional fields. 

Definition 4.8 (Vertical perturbation in x). The vertical perturbation of a cadlag function x G V t , 
t < T is given by 

*?(•) =a: t (-) + M{[ t) 0 o)}(-)- 

Definition 4.9 (Vertical derivative). A non-anticipative functional process is said to be vertically dif¬ 
ferentiable if, for ( ei)i£i..d the canonical basis of K d , and h > 0 real, the limit 

lim F(t,Xt ei ,j t ) - F(t, x t ,j t ) 

h^> o h 

is well defined for all t and all i. The resulting vector is called the vertical derivative of F at t with 
respect to x , and is noted V x F(t,Xt,jt ) 

We now equip the space (fl p ,T p ) with a probability measure P such that X defines a continuous 
martingale and J a jump-measure such that / Q T f Rd \z\ 2 J(dsdz) < oo a.s., with compensator p absolutely 
continuous in time. Moreover, we complete the filtration F p by the P-null sets. We now introduce the 
following spaces: 


Cl{[X],p) = {(</>, : [0, T] x fl p -x R d and ip : [0,T] x R d x W 




(p 2 {s)d[X](s)+ [ [ ip 2 (s, y)p(ds dy) 

JO 


both predictable and 
< oo 1 , 


10 



and 


Ml([X],/j.) = < Y =[ 0(s, ,u)dX + f ( 4>(s,y)J x (dsdy,u}) 
( Jo Jo J Kg 

equipped with the norm 


(0,-0) £ C 2 (X,y) 


Then 

and 

with 

and 


\\n 2 Mi( x,j)=E[\Y{T)\*]. 

4([x], m ) = 4 ([x])® 4( m ) 

C 2 V {{X]) := | 0 : [0,T] x Q p R predictable U\\c 2 r (x) ■= E[j^ <!> 2 (t)d[X](t)\ < oo 


:=<jy : [0,T] xfF 

equipped with the norm 


Y(t) = j\{zfdX(t)Y 


:=£[m t\- 

Definition 4.10. (Couples of simple functionals on the product space) We consider the space <S >2 of 
couples ( 0 , 0 ) such that 


0 :[ 0 , X 1 ] x TJj 1 x Mr —t R*0 
0 : [0, T] xRgxP r x M T -t R d 


(24) 

(25) 


and 

1 . 0 has the following form 

i 

i =0 
k =1 

with the Ti predictable stopping times. 

2. Moreover, there exist I grids 0 < t\ < t\ < • • • < t l n ,^ = T such that for any i G 1..J 

Mju) = fi((x(t l u ),C*y(j))uei..u,vei..v), 


where /; : R p x R ? x £ R is Borel-measurable, 0 < t\ < ■ ■ ■ < t\j < T{ and 1 < ei < • • ■ < ey. 
(C| m is dehned as in Equation (0.) 

3. 0 has the following form 


M,K 

4>{t,Z,jt) = 'y ' 0mfc(2'fC m ) JfCm )l(/t m ,K r „ + i] (^)lAfc ( 2 ) 

m =0 
k =1 

with Ak £ £>([0,T] x R d ), 0 ^ Afc (the closure of the Ak), the n m are predictable stopping times 
(allowed to depend on the Z^). 

4. Moreover, there exist M grids 0 < t™ < t™ < • • ■ < = T such that for any m £ 1..M: 

0mfe (^Km ; ) = 9mk{{x(tp )) C t m (j))p61..-P,961-.q)i 

where g m k : R p x R p x R fc —R is Borel-measurable, 0 K rn and 1 < ei < • • • < cq. 
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As in the previous section, we write I(S 2 ) for the set of processes that are stochastic integrals of a 
processes in S 2 , and I(S 2 ). 

The stochastic integral operator is defined as 

(</>, VO '-t [ <f>(s)dX(s) + f [ ip(s, y)J(dsdy). 

Jo Jo Jr$ 

Definition 4.11. The operator X x ,j := (V x , V p ), is defined pathwise on I(S 2 ) as 

:I(S 2 )^C 2 ([X),g), 

F(t, X t , J t ) = f « p(a)dX(s)+ f [ i>(s,y)J(dsdy)^(V x F(t,X t ,J t ),\7 p F(t,X t ,J t )) 

Jo Jo Jr$ 

= OK*, Jt-)te[o,T], ip(t, z, J t -) z t ^ 0 ° T] ), 

Lemma 4.12. The set of random variables 

f((X(U) t C${J)) iel .. nde i.. p ) ( 26 ) 

with / : K." x R n —>• R bounded, and the C as in equation ([Sf. is dense in L 2 (J r |,, P) (the space of random 
variables with finite second moment). 

Proof. Let (tj)jgN be a dense subset of [0, T], and {kj)j^ a dense subset of [l,oo). Denote 

T n ' m = <j(X(ti), (Tfc, Z k )\ti < t n , T k < t n , -— < Z k < k m ), 

k"m 

-where the (T k , Z k ) denote the jump times and sizes of the jump measure J i.e. the (completed) filtration 
generated by the (X(ti), C^ J (J t ))»ei..n,fcei..m- One has 

jrn,m jrn,m -\-1 

n n 

jxn 1, m ^*n+l,m+l 

Moreover, J-ff is the smallest cr-algebra containing all the T n ' rn . 

For g G L 2 {E°, P), 


g = E\g\Jz°). (27) 

The martingale convergence theorem yields 

g= lim lim E[g\T n ' m ], (28) 

m—>c50 n—Kx> 

Moreover, for each n and m, there exists a J-”-measurable random variable h nm (i.e. a random variable 
measurable with respect to the non-completed filtration) such that, P-.a.s., 

E[g\F n ’ m ] = h nm . 


(see e.g. Lemma 1.2. in Crauel [9]-) 

Finally, the Doob-Dynkin lemma ([TS], p. 7) yields that for each couple (n, to), there exists a Borel- 
measurable g nm : R" x R" x R m —> R with 

E[g\F n ’ m ] = g n , m ({X(ti), P - a.*. (29) 

□ 


Lemma 4.13. The processes of the form (V X Y, V p Y) are dense in C^{[X\ <g> g). 
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Proof. Let (<p, ip) be some element of £ 2 , and consider a continuous process Y of the form 


Y c (t)= f <P(s)dX(s). 
Jo 


Notice that the integral is well defined in a patliwise sense, as this is just a Riemann sum: 

Y c (t,co) = F(t,X u J t ), 

with 

F(t, x t ,j t ) = / </>(s,x s -, j s -)dx(s) 

Jo 

1 


Hence, 


So these processes have the form 


i =1 

V x F{t,x t ,jt) = j t ). 


(30) 

(31) 


X x Y c (t) = cP((X(t i ),Cl j (j))iGi..n, 


j£l..m)^-t>t n 5 

so such X X Y C define a total set in £p([X]) (see Cont-Fournie [7j and Lennna l4.12l) . Similarly, the processes 
of the form 


— 


Jo J Rg 


ip{s,y, J s -)J(ds dy), 


have the form 


{X P Y d )(t, z) = X p G(t, X t , J t ) = if(t, z, J t _), 
with G the following regular functional representation of Y d : 

r t 


□ 


G(t,x t ,j t )= / ip{s,y,j s -){j(ds dy) - n(ds dy,j s -)). 

Jo J Rg 

Moreover, such ip are dense in Cp{y) (by Section [7] and Lemma 14.1211 . 

Remark 4.14. Notice that V x Y d = 0. Similarly, X p Y c = 0. 

Corollary 4.15. The space /(S 2 ) is dense in Mp{\X),y). 

Proof. This follows by the previous lemma, as the stochastic integral 

I x j:CU[X},y)^M 2 P ([X\,y) 

(<P,*P) ^ f ui)dX(s) + I I ip(s, y)J{ds, dy) 

Jo Jo JRg 

defines a bijective isometry (hence a continuous bijection) between Cp([X],y) and Mp(\X),y). □ 

Theorem 4.16. (Extension of Vx.j to Mp([X], y)) The operator Xx.j '■ d x j(S 2 ) —> Cp([X],y) is 
closable in Mp(X,y) and its closure defines a bijective isometry between these two spaces: 

X x ,j:M 2 v {[X],y)^Cl([X),y), (32) 

F{t,X t ,J t ).= f <f>(s)dX(s)+ f f iP(s,y)J x (dsdy)^(X x F,(X p F)) = (cP,iP). (33) 
Jo Jo Jr£ 


In particular, X x ,j is the adjoint of the stochastic integral 
I X ,J ■ Gp(X,y) —> M.p(X, y), 

pt pt 

/ ip(s)dX(s) + 


0 JR d 


ip(s)J(ds dy) 


(34) 

(35) 
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in the sense that for all ip £ Cp(X, y) and for all Y £ Mp(X, y): 


< Y, ^x, j(^> VO >.Mji 


«-Y],/x) 


:= E 


Y(T)( 


1 0 JR d 


</)(s)dX(s) + 


/ 0 


ip(s,y)J{ds dy)) 


= E 


V,F(s)</»(s)d[X](s) + 


VpY(s,y)ip(s,y)y(ds dy) 


=■< V x ,jY,(<p,ip) >c$([x]®n) ■ 

Proof. By definition of M.p{X,y), we know that there exists (<p,ip) £ Cp(\X],y) such that 


(36) 

(37) 

(38) 


Y(t) = / cj)(s,u})dX + 


0 J r2 


ip(s,y)J x (dsdy,ui) 


Then, by the Ito isometry on M 2 ([X], y), with Z £ J(<S 2 ), 


E [Y(T)Z(T)\ = E 


cf(s)X x Z{s)d[X} s 


/Q J R* 


i/>(s,y)V p Z(s,y)n(ds dy) 


(39) 


—< (<p,ip), (X x Z,X p Z) >m$([x],ij.) 


Moreover, HMD uniquely characterises cp dP x d[X]-a.e., and ip dP x dy- a.e. For if ( 77 , p) is any other 
solution of (1391) . Then 


<Y - I x j(rj,p),Z >mI(x,h)= E (Y - I x j(rj))Z(t) 


= 0 


(40) 


for all Z £ /(<S 2 )- Hence, Y — I x j(r],p) = 0 P-a.s. on M 2 {X 1 y) by density of /(<S 2 ) in M 2 {X 1 y). So 
ip = y d[X] x dP-a.e. and ip = p dy x dP-a.e. and so (</>, ip) is essentially unique. 

Now, for any Y £ Mp(X, y) and let ( Y n ) n a sequence of /(<S 2 ) that converges to Y in /(<S 2 ). 


0= lim E[\Y n {T) -Y(T)\ 2 }, 

n—> 00 

= lim E[f V x Y n (t)-(P(t)dX(t) + 


V p Y n (t , 2 ) — ip(t, z)J(dtdz )| 2 ], 


= lim E[ [ ( \VpY n (t, z) — ip(t, z)\ 2 y(dsdz)] 

n ~>°° J 0 jRd 


lim E[ / |V x y”(t)-</»(t)| 2 d[X]( S )] 

tj^-oo _y 0 


(41) 

(42) 


+ lim 2E[( / V x Y n (t) - <p{t)dX{t)) • ( / / V p F n (t, 2 ) - ip(t, z){J{dsdz))] (43) 

Ti.-S-OO J Q J Q J R d 

and the last term is zero by the Ito isometry. Consequently, for any approximating sequence Y n , 
(V x Y n ,X p Y n ) converges to ( <p,ip ). So V.\y is closable and we can write (< p,ip) = (V.yF, V p F) □ 

This gives: 

Theorem 4.17. (Martingale representation theorem for square integrable martingales) For any square 
integrable (F, P)-martingale, P-almost surely, 


Y(t) = y(0) + / X x Y{s)dX(s) + 


0 JrA 


V pY{s,z)J(dsdy). 


(44) 


Remark 4.18. When taking the closure in Cp(y) of V p , one loses the pathwise interpretation. 

Note that this approach treats the continuous and jump parts in a similar fashion. If the filtration 
is generated by a continuous martingale X and jump measure J (with compensator y), then one can 
construct the following martingale S: 


S(t) = [ [ (1 z=0 .dX(s) + zJ(dsdz)), 
Jo J R d 


(45) 
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and the martingale representation formula can then be rewritten for any square-integrable martingale as 


Y(t) = y(0) + [ f V x ,jY(s, y) ® dS(s), (46) 

Jo Jm. d 

with the element-wise quotient operator D t ~ = Vy1 z =o + rV, z 6 K. 

’ Z J i 

So V.y is the limiting quotient operator when 2 — > 0 of the operator - Vy 0 , and the continuous and 
jump integrands are treated in a similar way. 


5 Comparison with other Malliavin calculi for jumps 

In this section, we review the functional It6 approach against other Malliavin calculus frameworks for 
jump processes. 

5.1 Change of measure 

As we saw in Subsection EQ the functional Ito perturbation’s behaviour is invariant under change of 
equivalent probability measure, and is consequently intrinsically different from Bismut’s approach to the 
Malliavin calculus [4] (see also 0)- There, the perturbation actually takes the form of an equivalent 
change of measure: Bismut’s approach consists in changing the intensity of the process - in other words, 
perturbing infinitely many jumps - and the direction in which one is allowed to perturb is the space of 
equivalent changes of measure. 

5.2 Comparison with chaos expansions and mass addition 

As mentioned in the introduction, another approach to Malliavin calculus with jumps is chaos expansions 
on the Poisson space (see e.g. 0ksendal et al. m)- Here one decomposes a random variable satisfying 
some integrability conditions as a series of iterated integrals: 

OO 

F = ^2 I n(fn), 

n =0 

where the I n are iterated integrals of a (symmetric) function /„ with respect to a Poisson process. 

The Malliavin derivative is then defined as the operator that bring this decomposition down by one 
level: 


D : Dom(D) —> L 2 (A x v x P), 

OO 

F ^ D tjZ := y^rt/ ra _i(/„ (-,f, z)), 

n= 1 

and D can actually be closed in the whole set of square-integrable random variables. 

It was in fact already noted that in the finite-activity case, a pathwise interpretation of the chaos 
expansion operator is possible, as mentioned in Last-Penrose m ■ Lpkka m extends the results of 
Nualart-Vives m from the Poisson to the Levy case, showing that this chaos expansion approach expands 
to the pure-jump Levy setting, and is equivalent to Picard operator, which consists in putting an extra 
weight locally on the jump measure; define the annihilation and creation operators e~ and e + on measures 
by 


e t , z w(A) = m(An{{t,z)} c ), 

4,z m i A ) = e i,z m ( A ) + t A(t, z). 

Then, for functionals defined on Sl p , the space of general measures from [0,T] x K. d to R, the “Malliavin- 
type” operator is defined as 

D t>z : fl p x [0, T] xl d -)l, 

(P,f, z)^Foe+ z -F. 

This “addition of mass” approach through a creation and annihilation operator appears in other ap¬ 
proaches such as the “lent-particle method” (Bouleau-Denis [5]). 
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Alternatively, the chaos expansion operator can be associated to an equivalent perturbation operator 
that takes the form of a quotient operator rather than a finite-difference one. This is typically the case 
in the papers of Leon et al )20j or Sole, Utzet and Vives [25], who work in the framework of general Levy 
processes, and for which the operator has the following form. For a 


the operator D is defined as 


D t ,zF{u>) 


F{u (t ,z)) ~F(w) 
z 


with ui(t,z) = ((f 15 Zi ),..., (ffc, Zk), (t, z ),...). As mentioned in the end of the previous section however, 
expressing the jup-part operator as a finite-difference or a quotient operator can be seen as a matter of 
preference, as to whether one wants an integration with respect to a compensated jump measure, or a 
pure-jump martingale. 

These approaches consisting in adding mass to the measure look in some aspects similar to the one 
that we have taken here. There is, however, a fundamental difference: in our pathwise approach, we 
directly perturb the predictable projection of the process, rather than taking the predictable projection 
of the perturbed process. Moreover, there is no need to restrict the setting to a Poisson or Levy space. 

The relationship between V, and the different operators D t}Z , can be summarised as follows, which 
is a jump counterpart to the Cont-Fournie lifting theorem [7j. Since all the operators defined above give 
rise to the following type of martingale representation: 


Y(t) = Y (0) + [ [ p E[D Sty Y s \J r s \(J - p)(ds dy ), (47) 

J o Js.% 

we have the following “lifting diagram”: 


Ml 

t m\r,]) 8e[ o,T\ 

Dom(D) 


(Dt.z) 


te[o,T] 


£p(/x) 

t ( P £M^]) S6 [0,T] 
L 2 ([0,T] x ftp). 


6 Examples 

6.1 Kunita-Watanabe decomposition 

We consider a probability space (ft, F, P), on which a Brownian motion W and a jump measure J -with 
compensator /qsuch that p(dtdz) = v(dz)dt- generate the filtration F. We write 

X(t) := aW(t) + [ [ zJ(ds dz ), 

J 0 J R 0 

with J the compensated jump measure. 

The Kunita-Watanabe decomposition (see e.g. [S]) states that for a martingale X and Y £ £p(X), 
there exists a unique Y with 

1. Y = E[Y} + J 0 ^(s)dX(s), 

2. E[{Y - Y)M) = 0 for all M = f Q £(s)dX(s). 

One can then to compute the Kunita-Watanabe decomposition, such as in [2], extending it from the 
Malliavin space O 1,2 to the whole A4p([A'], p). 

Y t =E[Y}+ [ V w YadW(s)+ [ [ XjY(s,z)J(ds dz). (48) 

Jo Jo J R 0 

Hence 

Y° := Y — Y = [ (V w F(s) - 'ip( K s))adW(s) + [ [ (VjY(s, z) - zip(s))J(ds dz), (49) 
Jo Jo J R 0 
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The orthogonality condition then becomes: 


E[Y°M] = E[f (VwL(s) - ip(s))Z{s)a 2 ds 
Jo 


+ 


= E 


/ (VjF( s , z) — zi/j(s)).zt;(s)fj,(ds dz)\ 

J Mo 

[ £ 0 ) (V w Y(s)-ip(s))a 2 + [ z(VjY — zip(s)) 
J 0 J Mo 


ds 


( 50 ) 

( 51 ) 

( 52 ) 


using that £(s)dX(s) is a martingale, the Ito isometries and the orthogonality relations between con¬ 
tinuous and pure jump parts. This implies that 


(VwY(s) — i/>(s))a 2 + f z(X7jY(s, z) — z'ip(s))v(dz) = 0 . 
J Mn 


( 53 ) 


and so that 


i ip(s) = fa 2 VwY(s) + f zVjY(s,z)i , (dz) \ • (er 2 + f \z\ 2 u(dz) 

\ J Mo / V J Mo 


( 54 ) 


6.2 Doleans-Dade exponential for pure-jump Levy processes 

In this example, we show how one can recover the SDE satisfied by a stochastic exponential that is a mar¬ 
tingale. Consider a probability space (Cl, T, P), where a jump measure J such that f Rd \z\ 2 J(ds dz) < 
oo a.s., and with absolutely-continuous compensator p generates the filtration (-7 r t)t€[o,T]- As in the previ¬ 
ous sections, we write J for the compensated jump measure J — p. Then, we can write the Doleans-Dade 
process: 

E t =e J ° l[ (1+ f zJ({s}xdz)e- J < zJi{s}xdz) . 

se[o,t] Jr o 

Let us introduce the cut-off Doleans-Dade process: 



z(J—fi)(dsdz ) 


IT (1+ / zJ({s}xdz))e~ 5 ^ zJ({s}xdz) 
se[ ot] J ^’^ d 


Notice that the functional 
F n (t,j t ) = e 


_ fo f(±,oo) d z U(ds dz)-fi(dsdz,j s -)) 


na 

se[o,t] 


'(*,c 


zj({s} x dz))e 


-f(±.oo) d zj({s}xdz) 


is well defined, since the compensated integral is simply a Lebesgue-Stieltjes integral. It is straightforward 
to compute that V j tZ F n (t, jt) = zF n (t,j t -). Now, since Ef tends to E t in Mp(p), 


V,£T —> VnE t 

J n—t oo J 


in Cp(/f). But 


= zF n (t, Jt-) 


zEt 


in the Cp(p) sense. So by uniqueness of the integrand in the martingale representation formula, 


E t =E 0 + [ E t -dX(t) 

Jo 

with X(t) = Jo zJ(ds, dz) a purely discontinuous Levy martingale. We recover the classical SDE 
satisfied by E, the stochastic exponentional of the martingale X. 
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6.3 Application to the Kella-Whitt martingale 

The Kella- Whitt martingale , introduced in HZI. is a process that appears in queuing theory and modelling 
storage processes (see also Kella-Boxma m and Kyprianou BSD- On a probability space (Cl, T ', P), where 
a jump measure J such that J 0 f Rd \z\ 2 J(ds dz ) < oo a.s. and with absolutely-continuous compensator /i 
generates the filtration (J~t)te[o,T]i consider X a pure-jump spectrally negative Levy process, i.e. whose 
jumps belong to (0, oo) a.s. X can be written as 

X(t)=-yt+ f f zJ(dsdz), 

J 0 J (—oo,0) 

with J the compensated jump measure of X. Recall that, for a Levy process, the compensator y can be 
written as 

y(dsdy) = v(dy)ds. 

We assume also 0 ) e 2a xv(dx) < oo. We now introduce the so-called Kella-Whitt martingale M: 

M(t) = ip(a) f e~ aZ ^ds + 1 — e _aZ ( ( ) — aX(t), 

Jo 

with X(-) the running maximum of X , Z(t) = X(t) — X(t), a > 0 and 


ip(a)=-/t+ / (e ax - 1 - ax\ { \ x \ <1} )v(dx). 

J ( — oo,0) 

Then M t is a martingale (see e.g. Kyprianou jTS], Chap. 3, Section 5.) Moreover, 

[M, M\ t = Y, e- a ^J Ax ^ 2 < Y e- aX ^J Ax ^ 2 . 

0<s<t 0<s<£ 

|AX(s)|#0 |AX( s )|/0 

By hypotheses on u, this quantityis finite, and using Protter ([25], Cor. 3 p. 73) M is a square- 
integrable martingale. Moreover, the functional Ito calculus approach allows us to obtain the following 
representation: 

Theorem 6.1. The Kella-Whitt martingale M has the following martingale representation formula: 

M(t) = E[M(t)\ + f [ e -«(xw-x ( s ))(i - e °‘ v )J(dsdy). (55) 

J 0 J (—oo,0) 


Proof. Write 


M n (t ) := 2p n (a) [ e- a(x " (s) - Yn(s)) ds + 1 - e -“(*"(t)-x”(t)) _ a x*(t), 

Jo 

(. M n is M without the small jumps) where 

if n (a) = 7 1 + [ (e~ ax - 1 - axt { \ x \ < 1 } v(dx)), 

J(- oo,-i) 

and 


X n (t)= r yt+ / / zJ(dsdz). 

Jo J{- oo,-i) 

Then M n is a square-integrable martingale, and M n converges to M in Alp(/i), i.e. 


E \\M n (t) — M(f)| 2 ] —> 0. 


Noticing that M n has hnite variation and is therefore well defined as a patliwise integral, and that since 
X being spectrally negative, it never reaches its maximum when it jumps, we compute 

(V p M”)(t, Z ) = e -«(A-"(t-)-X"(t -)) (1 _ e a Z)) 
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which - by using the martingale representation formula - yields: 


M n {t) = [ [ e -a(A'»(t-)-X“(t-))(i - e^j^dsdz). 

Jo j(-00,0) 

To continue: when using functional Ito calculus, pathwise computations - when available - are fairly 
straigthforward. But the price one has to pay for that is to be able to justify the convergence in _Adp(/x) 
of an approximating martingale sequence to the desired one. In the rest of this example, we shall therefore 
justify such a convergence. We have: 

E[|M(T) — M"(T)| 2 ] <E[(tp(a) — if) n (a)) f e““ ( ^- x(s)) ds) 2 ] (56) 

Jo 

+ E[{ifj n (a)) 2 (f e~ aX ^>{e aX ^ -e aXn ^)ds) 2 } (57) 

Jo 

+ E[{il> n (a)) 2 { [ e aX ^\e~ aX ^ - e~ aX ^)ds) 2 } (58) 

Jo 

+ £[ e - 2a ^(e“ x(t) - e“ A '”( t} ) 2 ] (59) 

+ £[ e 2 “*" (t ) (e~ aX ^ - e -“ x "W) 2 ] (60) 

+ a 2 E{(X(fj-X^(ij) 2 }. (61) 


We shall now show that all terms on the left-hand side tend to zero. Results in Dia m on small-jump 
truncations approximations prove useful here, and we use several of them. Term (1611) tends to zero: the 
proof relies on noticing the residual X(t) — X n (t) is a martingale and using Doob’s martingale inequality 
for the sup (see Dia [IT] , proof of proposition 2.10). In term (15771) . notice that the integrand is always less 
than 1. Hence 

E[(i/>(a) - *p n (a )) 2 [ T e-'&M-Wds) 2 ] < T 2 E[(^(a) - ip n (a)) 2 } 

Jo 

= E[(f e ax - 1 - axt\ x \ <1 u(dx)) 2 ]. 

J (-b 0) 

and the integral is deterministic, so the expectation vanishes, and this term tends to zero. Taking term 

m, 


E[ e - 2 «*«( e aJC(t) _ e aX”(t))2] < e - a X 0E ^ e aX(t) _ e «r(t)|2] 

_ e ~aX 0 fi^ e 2<xX(t) g 2aX"(t) _ 2e aX " (*) e aX (*)]. 

Moreover, by Proposition 2.2 in Dia jTT], e 2aX ^ converges to e 2aX ^ in the following norm: 

E[\ e 2aX W - e 2aXn M\] —> 0. 

n—too 

Also 


-E[e aXn(t) e aX{t) ] < -E[e aXn(t) ]E[e aXW ] 

and by the same proposition again, e aA "^ —> e aX ^ in Ip. Hence, the nonnegative term (15(71) is bounded 
from above by a quantity tending to zero. 

Concerning term m, 

E[e 2aXn ^(e - aX (*) — e _aX ”^) 2 ] < E[e 4aXn ^]^ E[(e aX ^J — e aXn ^) 4 }^ 

— g 2 f(o)tg[( e o^(t) _ e aX n (t)^4ji- 

by Cauchy-Schwarz and the definition of the characteristic exponent. Moreover 
E[(e aX ^-e aXn< ~ t) ) i ] 

=E[e AaX ^> - 4 e -3«^d)-«WHl) + 6e - 2 aXp)- 2 a Wql) _ 4{ ,-aX(t)-3aX^(i) + e -4a^ql)j_ 
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Also 


-4E[e 3aX{t)+aXn(t) } < -4 E[e 3aX ^ E ^ xn ^], and ^ 4 E [ e -^W-3aX-(t)^ < -4E[e- 3aXW ]E[aX n {t)} 
and these two terms tend to —4using Proposition 2.2 in Dia E3 once more. Finally 


6 E[ e - 2aX ^- 2aXn ^} < 6 


E[e~ AaX ^] + E[e~ iaXn W] 


which tends to 3 E[e 4aA ( f )] . Summing up, term tends to zero. 
Regarding (EH), by the mean value theorem : 


E[(ip n (a)) 2 ( / e -«( A '(s)( e « A (s) _ e axn ( s) )ds) 2 } = {^ n {a)) 2 E[T 2 {e- <x ^ to) {e 0,x ^ - e “*"(*o)) 2 ] 

J o 

for some to in [0,T], and we conclude by the same argument as in term (1591) . 

Using the mean-value theorem on term (1581) in a similar fashion and carrying on as in (1601) . we conclude 
that M n —>• M in Mp(n). 

Notice in passing that V p M n converges in Cp(n) to 


V p M(t, z) := e -«(A'P)-Y(t))(i _ e “ z ) ; 

the proof follows exactly the same lines as terms EZD and m- This yields the following martingale 
representation formula for the Kella-Whitt martingale: 


M(t) = E[M(t)\ + 


e -a(xw-x(.j)^ _ e «y)j( ds dy y (62) 


J 0 J (—oo,0) 


□ 


6.4 Supremum of a Levy process 

A martingale representation for the supremum of Brownian motion can be proved using Clark’s formula 
(see e.g. (Z2)- In the case of a Levy process, a representation was provided by Shiryaev and Yor [3B] 
and the proof relies on the Ito formula. Recently, Remillard and Renaud j26] reproved the result using 
Malliavin calculus. In this section, we derive the representation using the Functional Ito operators instead. 

Let us introduce the filtered probability space F, P), where the filtration is generated by a 

Brownian motion W and a Poisson measure J. Let us then consider X, the square-integrable Levy 
process defined by, 


X(t) = X(0) + fit + aW(t) + 


0 ^(-1,0)U(0,1) 


zJ(dsdz) 


0 J |*|>1 


zJ(dsdz) 


For T > 0, we are interested in finding a martingale representation for its supremum at T, denoted 
by X(T) := sup 0 < s < T X s . 

Theorem 6.2. 


X(T) = E[X(T)} 


X w P{t)dW(t) + 


'Rn 


V p P(t, z)J(dt dz). 


with 


(63) 


r x-x(t) 

X p P{t 1 z)= I F T - t (u)du 

J X—X (t) — z 

V W P(t ) = aF T - t (X(T) - X(t)) 
To prove the above theorem, we consider the process 


P(t) = E [X T \Pt] ■ 
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We start from the same point as Shiryaev-Yor and Remillard-Renaud. Using the properties of Levy 
processes, one can show that: 


Pit) = X(t) + 


X(t) — X(t) 


F T - t {u)du), 


(64) 


where Fr-t{u) = P(A'(T — t) <u). 

As in the previous example, we focus first on the computations with a process X n that corresponds 
to X with all the jumps of size less than 1 jn truncated: 


X n {t) = X n (0) + fit + aW(t) + 


e(£,i) 


zJ(dsdz) 


fj 

Jo J ri 


0 J(\z\>l 


zJ(dsdz) 


and introduce 

nOO 

P n {t) := E [WV| F t ] . = X*(t) + /_ F T _ t (u)du), (65) 

Jx n (t)-X n (t) 

where Fx~t{u) = P (X(T — t) <u). 

One sees that P n has a functional representation that is not vertically differentiable at the points 
where X n reaches its supremum, because the supremum itself is not vertically differentiable at these 
points. To remedy this, we introduce the following Laplace softsup approximation defined below. 

Lemma 6.3. For a cadlag function /, the associated Laplace softsup 


L{f,t) 



“ /(s) ds), 


satisfies 

lim L a (f,t) = sup f{s) 

a_>0 ° 0<s<t 

Proof. This result can be found for continuous functions in Morters-Peyes (j22], Lemma 7.30). The proof 
is similar in the cadlag case. 

-log(/ e af{s) ds) < -log(t sup e Q/(s) )= sup f{s) + 
a Jo a o <s<t o <s<t a, 


using continuities of the exponential and logarithm functions. Having a —» oo yields the “<” inequality. 
For the converse inequality, let us consider two cases. 

In the first case, let us assume that the supremum is attained at a certain point, i.e. there exists to 
such that /(to) = maxo< s <t /(s). Then, by right-continuity of /, for any e > 0, there exists 6 > 0 such 
that /(r) > /(to) — e for r £ (t 0 , to + 6). So 

- log( / e Q/(s) ds) > - log( [ ° + e af( ~ s) ds) > - log( / ° + e af{to) - e ds) = /(t 0 ) - e + 
a Jo a Jt 0 a J to e 

Taking the limit a —> oo yields the result, as e is arbitrary. 

In the second case where the sup is not reached, the cadlag property of / entails that there exists t\ 
such that 

sup /(s) = lim f(u)=:f{ti~). 

0 <s<t 1 

— — u<t 1 

Then, for any e, there exists 6 > 0 such that /(r) > /(ti) — e for r £ (ti — 5, 1 1 ), since / is lag. Using the 
same computations as in the first case, this yields the result. □ 

Lemma 6.4. For a Levy process X , and any t > 0, one has 

lim E[\L a (X,t) -X{t)\ 2 } =0. 


Proof. 

E[\L a (X, t) - X(t )| 2 ] = E[\L a (X : t )| 2 ] + E[\X(t)\ 2 } + 2 E[L a (X, t)]E\X(t)}. 
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Moreover, 


< X(T) + (log(T))+, 


L a (X, T) < X{T) + 


log(T) 


entailing, by dominated convergence 


and 


lim E[L a (X,T)\ = X{T). 

a—too 

lim E[\L a (X,T)\ 2 ]= E[\X{T)\ 2 ] 


thus yielding convergence. 

Going back to P", we introduce the process Y a ’ n (t): 


/»oo 

Y a ’ n (t) := L a (X n , t) + / F T - t {u)du. 

J L a (X n ,t)-X(t) 


□ 


( 66 ) 


f L a (X n ,t)—X(t) 

Lemma 6.5. For any t, Y a,n (t) is square integrable, and 

lim E[\Y a ’ n (t) — P n (t)\ 2 } =0 

a—too 

Proof. The square-integrability of Y a,n stems from the previous lemma, using that L a (X n ,t ) < X n (t) 
(log(T))+. Now, 

_ r x*(t)-x n (t) 

E[\Y a,n (t) - P n {t )| 2 ] < 2E[\L a {X n ,t) - X(t )| 2 ] + 2E[\ / F T - t (u)du\ 2 } 

J L a (X n ,t)-X n (t) 

We get the following inequality 

r x*(t)-x"(t) 

[l / 

by bounding the integrand by 1 in the left-hand side. So 

E[\Y a ' n (t) - P n {t )| 2 ] < AE[\L a (X n ,t) - X™(t)\ 2 ] 

Taking the limit a —> oo and using Lemma 16.41 yields 

lim E[\Y a ’ n (t) -~P n (t)\ 2 ] =0; 


F T _ t {u)du\ 2 } < E[\L a (X n ,t)-X™(t)\ 2 ] 


□ 


For fixed t € [0,T] let us now introduce the following family of square-integrable martingales 

(Z a ’ n (s,t)) aeM =E\Y a ’ n (t)\T S }. 

Lemma 6.6. 

lim E[\Z a,n (s,t) — E[P™\Ei s]| 2 ] = 0 

a—too 

Proof. 

E[Z a ’ n (s,t) - E[P t n \E s \ = E{\E[Y a ’ n (t) - P(t)\E s }\% 
which by Jensen’s inequality, 

< E[E[\Y a ’ n {t) - P(t)| 2 |P s ]] = E[Y a ’ n (t) - P(t )| 2 ], 
which converges to zero by Lemma 16.51 


□ 
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In particular, this entails that for every f, liuia^oo Z(t , t, a) = P". Let us now compute the functional 
ltd operators of Z n (t,t,a). At time s = t, Z n (t 7 t,a) = Y a,n (t ), and Y a ’ n has a pathwise functional 
representation, allowing to compute explicitly the operators. 


L a (X n ,t)-X n (t) 

V p (Z a ’ n ){t,t,z) = / F T - t (u)du , 

J L a (X n ,t)—X n (t)—z 


L a (X n ,t)—X n (t) — z 


and 


V w {Z a ’ n ){t,t) = lim 


Y rL a (X n ,t)-X n (t) 


h ^° h JL a (X n ,t)—X n (t)—crh 

In a way similar to Lemma 16.51 we can show that 


F T _ t {u)du = F T - t (L a (X n ,t) - X n {t)). 


lim V p (Z a ’ n )(t,t,z) 

i —>-oo 

lim X w (Z a ’ n ){t,t) 

a—too 


rX"-X n {t) 


F T -t{u)du =: V p P n (t,z ) 


aF T -t(X n (T)-X n (t)) 


and these quantities must equate to V p P” and VwP n respectively. We can conclude that at time T 


P n (T) = X n (T) = E[P n (T)\ + / X w P{t)d,W{t) + 


/ 0 J(-oo,-i)U(i,. 


V p P(t, z)J(dtdz) (67) 


with the integrands defined as above. 

All that remains to do is to remove the truncation of the small jumps. In this case, however, this is 
straightforward, as 


E[\P n (T) - P(P)| 2 ] = E[\X n (T) - A(T)| 2 ], 


which tends to zero, using the result of Dia pll. This yields the convergence of V^P“ and V p P n 
to V wP anc l V p P respectively, and so the final result for the martingale representation of the supremum 
of a Levy process: 


with 


P(T) = X(T) = E[P(T )] + [ V x P{t)dW(t ) + 

Jo 



V p P(t, z)J(dtdz) 


( 68 ) 


r x-x(t) 

V p P(t,z)= /_ F T - t (u)du 

J X—X (t)—z 

X w P(t) = aF T _ t (X(T) - X(t)) 


7 A density result 

In this subsection, we prove that the simple random fields are dense in for a fairly general measure 

jj. This is a common result in the continuous case (see Steele [30]) that extends to Levy compensators 
using some isometry properties between Hilbert spaces (Applebaum JT|). To the best of our knowledge, 
such a result is not proved when one allows the compensator to be random and/or time-inhomogeneous. 
For completeness, twe should deal with it here. Throughout this section, / denotes a random field 

/ : [0, T] x Rq x —>• M 

Before stating the theorem, let us first make some assumptions: 

Assumption 2. (Absolute continuity in time) The measure 

H : S([0,T] x Rq) xSl-yl 

satisfies the hypotheses of “absolute continuity in time”: n(dsdz,oj) « ds for all oj G fb 
Assumption 3. (cr-finiteness) For all w £ $7, p, is finite on every Borel set Ax B £ £>([0,T] x Rq) such 
that 0 / B (B denoting the closure of B ). 
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Theorem 7.1. The set of simple random fields 91 of the form 

n,m 

= ^ 4>ik(u)^(t”(Z k , U ),t? +1 (Z k>u )](t)lz h (z), 
i,k =1 

with the ipij F ti -measurable, the Z\ disjoint Borel sets such that 0 ^ Zk, is dense in £p(/z) and the 
finite stopping times given by 

t?(u,K) = inf{4 G [0, T]|/r([0, t] x K,uj) > i2~ n } A T A inf{i G [0, T]|/z([0, t\ x A,w) > 2 n } 

for any Borel set K of Kg such that 0 ^ K. We shall just write t" for f™(w, Z) to alleviate the notation 
when there is no risk of confusion. 

The rest of the appendix is devoted to proving the above theorem. 

Let us consider a random field / : [0,T] xRgXfl —>• R d , / G Cp(fi). Let us first assume that / bounded. 
Let (Zj)j e vi be a sequence of sets of Kg, 0 0 Zj, such that for all j and all w G 11, /r([0,T] x Zj) < oo. 

This is possible because of the a -finiteness of /i stemming from Assumption [3] 

Remark 7.2. Notice that if /i is a predictable measure, then the stopping times defined above are also 
predictable. 

We introduce the following family of operators, for all integers m,n > 1: 


^mn(/) 


2 Z -1 m 

EE 


1 (t?(Z k ,u),t? + 1 (Z k ,u)](t)t z€ z j 


k=1 x Z k ,Uj) \J(t”_ 1 (Z k ,u),t?(Z k ,u)]xZ k 


f(s,y,ui)n(dsdz,u) 


with the convention that 0/0 = 0, which occurs when = t”. Notice that for all n, to, A nm (f ) belongs 
to 91. Moreover, it satisfies the following useful properties: 

Lemma 7.3. For / bounded and £ jj; (/i) -integrable, 

1- 11 Ann (/) I loo < ||/||oo; 

2. 11 A mn (/*) 11 £2 (^) < ||/||£2( jU ). 

Proof. 1. For all u, there are three cases to be considered: 

(a) for all z £ U™ =1 Z fc , then A mn (f) = / = 0; 

(b) for all t G (TA2 2 ",T], A mn (f) = 0 < |/|; 

(c) otherwise, for all w, A mn (f)(t, z,u) = /(q,_ 1 .q,]xz fc ^ for a uni O ue couple 

(i*, k*) with i* G 0..2 2 " — 1 and k* G l..m such that (t, z) G (£• , x Zfe*. That is, A mn (f) 
is the average of / over x Z*,. So by the very definition of the average, there exists 

a point (fg,zo), with to G (£*_!,£*] x Zk, such that the value of A mn (f) is lower than the 
value of |/| at that point. 

This implies that ||A mn (/)|| 00 < ||/||oo. 

2. To alleviate the notation, let us write 


Cik — 


M(i?-1.*?] x z k,w) 


f(s,y 1 uj)n(dsdz,u}) 


Thus, for all w 


4 < 


x Zk,ui) J( ti _ 1 ,ti]xz k 


f 2 (s,y,u)ii(ds dy, lo) 


by Caucliy-Schwarz. 

Since the time intervals are pairwise disjoint, as well as the Zk, 


2 2 -1 m 


A mn(f) = E 


2=1 fc=l 


(69) 
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Integrating, 


E[ A 

mn (f)(s,y,uj)n(dsdy,uj)} 

J[0,T]xR$ 


2 -1 m 

= £ iEE 


x^) ( 




/(s, 2 /,w)/x(dsdz,w))]. 


Now, we have two cases to consider: 

1. for a given k , if tjjn (Z k ,uj) < T, then by construction, for all i, 

M(C*?+1] x 30 = x 30 = 2 - 


2. otherwise, there exists an index i*{k) such that < T and f" = T for all i > i*(/c). Hence for a 
given k, all the terms of time index greater than i*(k) are null. Besides, this implies two things: 

Vi < i*(k),nW,t? + i] x Z k ) = x Zfc) = 2-", (70) 

M((t?.( fc) ,^( fc)+ i] x Z k ) < M(t?. (fc )-i,t?.( fc) ] x Z fc ) = 2~ n . (71) 

In any case, we obtain 

2 2 ”-l m r 

\\ A mn(f)\\ £ 2 (m) < EE EEw / 2 (s,y,w)Mdscfo,w))] < 11 /1| £= (m) ■ 

i=i j=i ■'(*”-i4 "]xZj 

Remark 7.4. We can see why we needed to define the t” as a random partition: it is so that the operator 
Amn(f) defines a contraction in £p(/t). In fact, this is actually the only reason; in the case where // is a 
Levy compensator for example, the fact that p. is time homogeneous and independent of u! to take the 
partition deterministic and Lebesgue-equidistant in time. If /i is deterministic but time-inhomogeneous, 
then the i” can be taken deterministic and /./.-equidistant, since we know the value of /t([0,T] x B) for 
any measurable set B from the start. 

□ 


We are now ready to prove the important part: 

Lemma 7.5. 

lirn || A mn (f) - f\\ C 2 { } = 0. 

n—>oo pvry 

We start by introducing the operator 

2 n m 


Bmn(f) EE EE 




f(s,y,w)n(dsdz,u) . 


M(*"-i(^fc. w )»*"(^fc. w )] x z k,u) yj {tT _ itt?]xZk ' 

Notice that B mn (f) is not a simple predictable process: it is actually anticipative. However, 

(B mn (/)(■> *, w))„>0 


is a martingale, when defined as a discrete-time martingale on the right space. 
Lemma 7.6. Fix u> and define a new probability space (O', Jy, TO ,Q w ,ro) with 


O', 


T' 

cj,m 


Q w ,m(-4 X B) 


M x [0,T] x U^ =1 Z k , 

{{u,A x B), A e B{[ 0, T]),R e B^Z*)}, 
//(H x R, lu) 

//([0,T] x U^ =1 Z k ,uj)’ 


which we equip with the smallest filtration (J-’™) ng N that makes the functions 

2 n 

t,zi --+ EE^W-i^lWW*) 

i=l 


measurable for all fc in l..m. Then 
is a martingale on this space. 


(B mn (/)(•> *,w)n>0 


(72) 

(73) 

(74) 
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Proof. Notice that in general / is not 77, , m -ineasurable. However, /luj , _ 1 z fc (z) is. Then, since conditional 
expectation is just orthogonal projection, 


E[f(t,z)t u ^ iZk (z)\J^](t,z) = ^ 


2 71 — 1 m 




X Z k ,u) J {t -_ 1 ,t-}xz k 

= B mn (f)(t, z). 


f(s,y,u)p(ds dy, uj) 


So (B mn (f)) n > o is indeed a J^-martingale. 

Lemma 7.7. Let / be bounded and £p(/z)-integrable. Then 

lim || B mn (f) - z k (-)\\c^) = 0- 

n—± oo w — 1 rvr/ 


(75) 

(76) 

□ 


Proof. For fixed uj, {B mn (f)(.,*,uj),n > 0} being a martingale (by Lemma [7. 6 1) allows us to apply the 
L 2 (Q)-bounded martingale convergence theorem to conclude that B mn (f)(.,*,uj) converges in L 2 (Q) 
except perhaps on a /i-null set. We note this limit B moo (f). 

Moreover, since / is bounded, dominated convergence gives 


lim / B mn (f)(s, y, uj)y(dtdz, uj) / B moo (f)(s,y,uj)p(dtdz,uj) 

l ^°°JAxB JAxB 


n ~^°° JAxB 

for all A x B G B{[0,T] x Uj ? =1 Z k ). 

Also, by definition of the operator B mn (f ), we know that 


B„ 


I AxB 


i{f){s,y,u)/j{ds dy,uj) = / f(s, y, uj)p(ds dy, uj) 

J AxB 


for all A x B such that (uj, AxB) £ T™ (a € N) and all n > a. Levy’s zero-one law gives B moo = ftu™ z k 
dy(.,ui)~ a.e. 

Finally, by dominated convergence, we can take the limit out of the integral: 


lim 


I B mn (f)(s,y,uj) - f(s,y,uj)t u rn =i z k (z)\ 2 n(ds dy,uj). 


Tt ~^°° J [0,T] xU™ =1 Zk 

The result follows on taking expectations and applying dominated convergence once more. 
Lemma 7.8. Let / be bounded and £p(/z)-integrable. For any m and any fixed l, 

lim A mn (B m i(f))(t, z,ui) = B m i(f)(t,z,uj),n- a.e. 

n—t oo 

Proof. For that purpose, we expand A mn (B m i(f)), with n> l: 

Amn(Bml(f )) 


□ 


(77) 


i,t”] x z k ) n ((t p _ 1 ,t l p \ x z q ))) 


2 -1 m 2 Z m 

S M (*"-!>*"] X Z k)-P((t l p - V t l p ] X Zq) 

■ f(s,y,uj)y(ds dy,uj). 

^ (tp-l’tp] XZ q 

We now note two things: first, for q ^ /c, 

^m. 1 ,^]xz k )n((t l p _ 1 ,t l p ]xz q ))) = 0. 

Moreover, recall that the time grid is refining. This means that since n > l, the (t()i<j< 2 ‘ are a subset of 
(ti)l<i<2 n - So 

A*(((*”-i, *"] X Zfc)n((t{,- 1 ,tp] X z k ))) 


is either equal to p((t r f_ 1 ,t r f] x Zk) or zero So (1771) is 

2 ^^^l (tM (t)l Zk (z) ^ 

2 Z^Z^fTJTi - 


i=i fc =ip=i x Zfc - ) 




]xZ fc 


f(s,y,uj)y(dsdy,uj). (78) 
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By the above, this is almost In fact 


2 2 ™ 

= Z, a; )^t0U z ._ 1 [t l .,it l .+t n . f n 1 + / ^ Bml(f)(t ~ ^ 2 »( m -0+l? ^ a; )^ter* 1 -,i* z -+* n -/ n ] 

iL 1 1 2 ‘ l \ rn ~ 0+l J z -- Liz 2 z( m _ij_|_ 1 J 

2=1 

We note two things. First, 


lim A mn (B m i(f))(t,z,u) = B m i(f)(t,z,u) 

m—> oo 

for all (t,z,uj) such that t ^ i2~ m T, 0 <i< T). Second, for n > l 

\A mn (B m i(f))(t,z,u])\ < \B m i(f)(t,z,u)\ + |- 2~ n T,z,u)\. 


(79) 


Moreover, 

\A mn (B m i(f))(t, z,uj)\ = | A mn (B m i(f))(t, z,u) - B m i(f)(t,z,w) + B m i(f)(t, z,u)\ 

> | A mn (B m i(f))(t,z,uj) - B m i(f)(t,z,u )| - | - -B mZ (/)(f,.z,w)| 

> |A mn (B mZ (/))(t, z,w) - B m i(f)(t,z,uj )| - |B mZ (/)(t, 2 ,w)|. 

Since ||-B m/ (/)|| £ 2 (mu) < oo, 

|^4mra(-BmZ (/))(t, Z, U>) — B m i(f)(t, Z,U>) | < 31| B m l (/) || £2 , 
a fixed integrable function. By dominated convergence once more, we finally obtain 

lim || A mn (B ml )(f) - B ml (f)\\ cw = 0, (80) 

since p, is absolutely continuous with respect to time. □ 

Proof. (Proof of Lemma 17.51) For / bounded, we are now ready to prove that 

lim ||A m „(/) - /|| £ 2 (At) = 0. (81) 

71—>-00 pvr/ 

We have 


II A mn {f) - /||£2^) < \\A mn (f - /l.eu™ =1 zJ||£ 2 ( M ) + \\A mn (ft. eu ™ =i z k - Wc*^) (82) 

+ \\A mn (B m i(f')') — (83) 

< 11/ “ /l.euj" =1 zJ||£2( M ) + ll/l.eujLjZ* - B m i(f)\\ C 2^ (84) 

+ \\A mn (B m i(f)) — (85) 

as A mn is a contraction. So by Lemmas 17.71 and [TTisl for all l, 

limsup || A mn (B m i)(f) - B m i{f) || £ p (/i) (86) 

n—>oo 

<ll/-/l.eu r=1 zJ|£| M +2||/l. eur=iZfc - J B mi (/)||£2 M . (87) 

Now, since l is arbitrary, the previous expression yields 

lim || A mn (f) - f\\ C 2 {ll) < ||/ - /l. 6 u r= .zJcUv) ( 88 ) 


since we know —> /l. eu ™_ z fc when l —> oo. This holds for any m. Letting m —»• oo, dominated 

convergence gives 

V - 

which concludes the proof for / bounded. □ 
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Lemma 17.51 proves the theorem of approximation of any random field / by simple ones in the Cp(p). 
To finish proving theorem 17. 11 we consider an unbounded /. We can approximate / by bounded f n as 
follows. Write 

f (AZ/:^) /( A Vl \f(s,y,ui)\<n- (89) 

We now prove that f n converges to / pointwise everywhere. 

••om u n u {(M,w) : | fn(t,z,u>) - f(t,z,u)\ > e}) (90) 

6GM+DQ noGN* n>no 

= P°/x(P) (J :\f{t,z,u)\ > n}) (91) 

noGN n>no 

=po Mn u {(t,z,u) :\f(t,z,u>)\> n}). (92) 

no > 1 n>no 

On the other hand, 

n =1 n> 1 

using the Chebyshev-Markov inequality. In particular, the series converges. This implies that 

A> f i 55 ( Po m)(I/(M,w)I > n ) = o. 

“ n>N 


Hence 

P( H U : l/(M,w)| > n l) < m > f 1 ( Po M)(l/(M,w)| > n) (93) 

no>l n>no 

< j mf i (Po / u)(U„>i|/(t,2,w)| >n) (94) 

< mfi ^(P°/z)(|/(t,z,w)| >n) = 0 (95) 

~ n>N 


Remark 7.9. In case /i is a measure that charges only {0}, i.e. 

m(ds dy,ui) = lo(dj/)n({s})<is, 

it is possible to carry out the same demonstration as before, except that we do not need to be concerned 
with the Zk s. By doing so, we end up recovering the density of the processes 

/ 

<M S > W ) = '52,<t>i(u)t( U {w),U+ lO)](*)> 

t=0 

in £p(Leb([0, T])), with fa T ti measurable and the £ stopping times. 


References 

[1] D. Applebaum. Levy Processes and Stochastic Calculus. Cambridge studies in advanced mathematics. 
Cambridge University Press, 2004. 

[2] Fred Espen Benth, Giulia Di Nunno, Arne Lpkka, Bernt Oksendal, and Frank Proske. Explicit 
Representation of the Minimal Variance Portfolio in Markets Driven by Levy Processes. Mathematical 
Finance , 13(1):55—72, 2003. 

[3] K. Biclrteler, J.B. Gravereaux, and J. Jacod. Malliavin calculus for processes with jumps. Stochastics 
monographs. Gordon and Breach Science Publishers, 1987. 

[4] Jean-Michel Bismut. Calcul des variations stochastique et processus de sauts. Probability Theory 
and Related Fields , 63:147-235, 1983. 


28 



[5] Nicolas Bouleau and Laurent Denis. Dirichlet Forms for Poisson Measures and Levy Processes: The 
Lent Particle Method. In Arturo Kohatsu-Higa, Nicolas Privault, and Shuenn-Jyi Sheu, editors, 
Stochastic Analysis with Financial Applications, volume 65 of Progress in Probability, pages 3-20. 
Springer Basel, 2011. 

[6] Samuel N Cohen. A martingale representation theorem for a class of jump processes. arXiv preprint 
arXiv:1310.6286, 2013. 

[7] R. Cont and D.A. Fournie. Functional Ito calculus and stochastic integral representation of martin¬ 
gales . Annals of Probability, 41 (1): 109—133, 2013. 

[8] R. Cont and P. Tankov. Financial Modelling with Jump Processes. Chapman & Hall/Crc Financial 
Mathematics Series. Chapman & Hall/CRC, 2004. 

[9] H. Crauel. Random Probability Measures on Polish Spaces. Stochastics monographs. CRC Press, 
2003. 

[10] G. Di Nunno, B. 0ksendal, and F. Proske. Malliavin Calculus for Levy Processes with Applications 
to Finance. Springer, 2009. 

[11] El Hadj Aly Dia. Error bounds for small jumps of Levy processes. Advances in Applied Probability, 
45(1):86—105, 2013. 

[12] B. Dupire. Functional Ito Calculus. Technical report, Bloomberg L.P., 2009. 

[13] H. Follmer. Calcul d’lto sans probabilites. In Jacques Azema and Marc Yor, editors, Seminaire 
de Probabilites XV 1979/80, volume 850 of Lecture Notes in Mathematics, pages 143-150. Springer 
Berlin Heidelberg, 1981. 

[14] Jacod, Jean and Meleard, Sylvie and Protter, Philip. Explicit form and robustness of martingale 
representations. Annals of Probability, 28(4):1747- 1780, 10 2000. 

[15] O. Kallenberg. Foundations of Modern Probability. Applied probability. Springer, 2002. 

[16] Offer Kella, Onno Boxma, et al. Useful martingales for stochastic storage processes with Levy-type 
input. Journal of Applied Probability, 50(2):439-449, 2013. 

[17] Offer Kella and Ward Whitt. Useful martingales for stochastic storage processes with Levy input. 
Journal of Applied Probability, pages 396-403, 1992. 

[18] A.E. Kyprianou. Fluctuations of Levy Processes with Applications: Introductory Lectures. Universi- 
text. Springer, 2014. 

[19] Gunter Last and Mathew D Penrose. Martingale representation for Poisson processes with applica¬ 
tions to minimal variance hedging. Stochastic Processes and their Applications, 121(7):1588-1606, 
2011 . 

[20] Jorge A. Leon, Josep L. Sole, Frederic Utzet, and Josep Vives. On Levy processes, Malliavin calculus 
and market models with jumps. Finance and Stochastics, 6:197-225, 2002. 

[21] Arne Lpkka. Martingale Representation of Functionals of Levy Processes. Stochastic Analysis and 
Applications, 22(4):867-892, 2005. 

[22] Peter Morters and Yuval Peres. Brownian motion, volume 30. Cambridge University Press, 2010. 

[23] D. Nualart. The Malliavin Calculus and Related Topics, 2nd. ed. Probability and Its Applications. 
Springer, 2006. 

[24] D. Nualart and J. Vives. Anticipative calculus for the Poisson process based on the Fock space. In 
Jacques Azema, Marc Yor, and Paul-Andre Meyer, editors, Seminaire de Probabilites XXIV1988/89 , 
volume 1426 of Lecture Notes in Mathematics, pages 155 165. Springer Berlin Heidelberg, 1990. 

[25] P.E. Protter. Stochastic Integration and Differential Equations, 2nd. ed. Applications of mathemat¬ 
ics. Springer, 2004. 


29 



[26] Bruno Remillard and Jean-Frangois Renaud. A martingale representation for the maximum of a 
Levy process. Communications on Stochastic Analysis, 5(4):683-688, dec 2011. 

[27] L.C.G. Rogers and D. Williams. Diffusions, Markov Processes and Martingales: Volume 2, ltd 
Calculus. Cambridge Mathematical Library. Cambridge University Press, 2000. 

[28] Albert Nikolaevich Shiryaev and Marc Yor. On the problem of stochastic integral representations 
of functionals of the brownian motion, i. Theory of Probability & Its Applications, 48(2):304-313, 
2004. 

[29] J. Sole, F. Utzet, and J. Vives. Canonical Levy process and Malliavin calculus. Stochastic Processes 
and their Applications, 117(2): 165 - 187, 2007. 

[30] J.M. Steele. Stochastic Calculus and Financial Applications. Applications of mathematics: stochastic 
modelling and applied probability. Springer, 2001. 


30 



